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0. Introduction. 

Spencer cohomology of a Z-graded Lie algebra q — (Bj>-iQj of depth 1 
is an important tool for the study of deformations of geometric structures 
on a manifold [S], [GS], [SS], [KN]. It works best, however, when the cor- 
responding transitive pseudogroup of transformations is irreducible, i.e. ad- 
mits no invariant differential systems, integrable or not. In the primitive 
(but reducible) case, i.e. when there are no integrable differential systems, 
it is natural to pick a minimal invariant (non-integrable) differential system, 
which leads to Z-graded Lie algebras of depth h> I [W]: q = ®j>-h3j- This 
brings us to the generalized Spencer cohomology (Section 1). 

The present paper is a part of the program of classification, up to formal 
equivalence, of simple infinite-dimensional Lie superalgcbras of vector fields 
on a finite-dimensional supermanifold [K3]. Like in the Lie algebra case, 
an important ingredient in this classification is the description of all simple 
filtered deformations of a given graded Lie superalgebras cf. [SS], [KN], [W], 
[Gj. 

Let L be a linearly compact Lie (super)algebra, that is a complete topo- 
logical Lie (super)algebra, which admits a fundamental system of neigh- 
borhoods of consisting of subspaces of finite codimension. (The formal 
completion of a Lie (super)algebra o f vector fields on a finite-dimensional 
(super) manifold X at a neighborhood of a point of X is of this kind.) Pro- 
vided that L is simple (i.e. has no non-trivial closed ideals), one can construct 
a filtration of L by open (and hence closed) subspac es 

L = L^fi D D • • • D Lq ^ -^1 ^ • • • ) 

such that the associated graded Lie (super)algebra GrL = 0^_^0j, qj = 

Lj/Lj^i, of depth h has the properties [Wj: 

(GO) dimg^- < oo, 

(Gl) = flii, for j > 1, 

(G2) if a G Qj, j > 0, then [a,0_i] = implies that a = 0, 
(G3) the representation of Qq on g_i is irreducible. 

In the Lie algebra case such a filtration is unique, provided that dimL = 
oo [G] , and it is not too hard to classify all Z-graded Lie algebras satisfying 
properties (G0)-(G3) (see [Kl] or [G]). However, in the Lie superalgebra 
case there ar e many such filtrations and it is all but impossible to classify 
all Z-graded Lie superalgebras satisfying (G0)-(G3). The basic idea of [K3] 
is to choose a "maximally even" Lq; then the representation of go on 
satisfies much more s evere restrictions than (G3) (cf. [G]), which makes it 
possible to classify such Z-graded Lie superalgebras. 
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The next step is to describe, for each Z-graded Lie (super) algebra g of 
the obtained Ust, all simple filtered deformations of q, i.e. all simple linearly 
compact Lie (super) algebras L such that GrL = q. Of course, if g is a simple 
Z-graded Lie (super)algebra, then its completion q in topology defined by the 
fundamental system g^j^) = (Bi>k3i, /c G Z_|_, is a simple filtered deformation, 
called the trivial filtered deformation. It is easy to show (cf. Corollary 2.2) 
that if 00 contains a non-zero central element, then q has only a trivial 
deformation. 

In the Lie algebra case the only remaining examples are the two series 
of Z-graded Lie algebras of depth 1, which consist of divergence free and 
Hamiltonian vector fields with polynomial coefficients. In these two cases 
one can either use the classi cal Spencer cohomology as in [SS], [KN], or 
some more "pedestrian" arguments, as in [W], [K2], [K3], to show that all 
filtered deformations are trivial. 

However, in the Lie superalgebra case there are many more cases of 
Z-graded Lie super algebras, and only for some of them the "pedestrian" 
arguments work (cf. [K3]). Also, we do not have at our disposal a Serre 
type vanishing theorem for Spencer coho mology as in the Lie algebra case 
(cf. [KN]). Moreover, there are several series of Z-graded Lie superalgebras 
of depth /i > 2 to which the classical Spencer cohomology is not applicable. 

The aim of the present paper is to show how to resolve these difficulties. 
In Section 1 we introduce generalized Spencer cohomology, which is applica- 
ble to graded Lie superalgebras of arbitrary depth h. In Section 2 we show 
that filtered deforma tions are described by the invariant Spencer 2-cocycles, 
provided that g is an almost full prolongation. We introduce the latter notion 
since, unlike in the Lie algebra case, not all Z-graded algebras in question are 
full prolongations (mea ning that the first Spencer cohomology is trivial), 
but all, except for one of them, happen to be almost full prolongations. 

After describing in Section 3 all examples of Z-graded Lie superalgebras 
determination of whose filtered deformations was left out in [K3] , we apply to 
them in Section 4 the techniques developed in Section 2. We find that, unlike 
in the Lie algebra ca se, there are three series of Z-graded Lie superalgebras 
that do admit a (unique) non-trivial filtered deformation (Theorems 5.1 and 
5.2), and the rest do not (Theorems 4.1-4.4). Note that one of these filtered 
deformations was discovered by Kotchetk off [Ko], and that the two filtered 
deformations discovered in this paper are isomorphic. 

We would like to thank Yuri Kotchetkoff for very useful correspondence. 

All vector spaces, algebras and tensor products in this paper are consid- 
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ered over the field C of complex numbers. 



1. Generalized Spencer cohomology. 

Let = (B'jL_ij^Qj be a Lie superalgebra with a Z-gradation (compatible 
with its Z2-gradation) of finite depth h, where h is a positive integer. We 
have [0j,flj] C Qi+j, and we shall always assume that dim Gj < oo for all 
j > -h. 

Set g_ = (BJl_f^gj■ Obviously q_ is a (finite-dimensional) subalgebra of 
g and hence q_ acts on q via the adjoint representation, so that we may 
consider H*{q_]q), the cohomology groups of q_ with coefficients in it s 
adjoint representation in g. Recall (see e.g. [F]) that the space of cochains is 

C*(0_;0) = A*(fl_)0 0, 

where the exterior product A* is understood in the usual super sense. The 
space of the j-cochains {j G Z+) is then 

c^(0-;fl) = ©-i>n>i2>->b>-/i(0li - /\flf,) ©Si 

on which the coboundary operator d acts as (p + Q = J + 1) 

{dc){xi, - ■ ■ ,Xp,yi, - ■ ■ ,yq) = 

(_l)«+*-ic([a;s, xt],xi,---,Xs,---,xt,---,Xp,yi,---,yq) 

l<s<t<p 
P 1 

+ X! ■ ■ ■ ^xs,- ■ ■ ,xp, [xs, yt],yi,- - ■ ,yt,- - ■ , yq)) 

s=l t=l 

+ c{[ys,yt],xi, - ■ ■ ,Xp,yi, - ■ ■ ,ys, - ■ ■ ,yt, - ■ ■ ,yq) 

l<s<t<q 
P 

+ 'Y{-'^y[xs,c{xi, - ■ ■ ,xs, - ■ ■ ,xp,yi, - ■ ■ ,yq)] 

s=l 

<1 

+(-1)^"^ "Yiys, c(xi, • ■ ■ ,Xp,yi,- ■ ■ ,ys,- ■ ■ , yq)], 

s=l 

where xi,-- ■ ,Xp e (0_)q and yi,--- ,yq & (£l-)r We have then H*{q_-q) = 
Kerd/Imd. 

Note that C^{g_;Q) is Z-graded by letting degflj = — degfl* = i. This 
gradation induces a Z-gradation on H^{q_;q): 
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where H'-'^{g_;2) denotes the l-th graded component of H^{q_;2). 

We will call the vector space H^'^{q_\ q) the {l,j)-th (generalized) Spencer 
cohomology group of the Z-gradcd Lie superalgebra q and we will call ele- 
ments in Kerd (respectively Imd) Spencer cocycles (respectivel y Spencer 
cohoundaries) . In this paper only those g), for which Z > will play 

a role. This definition is a generalization of the classical Spencer cohomology 
defined for /i = 1. We would like to point out that the classical Sp encer 
cohomology iJ^'^ (cf. [Sp]) would in our definition correspond to 

From the definition it is obvious that is the subspace of 
^.-invariants in g so that we have 

^^''°(0-;0) = (flfe)«-. 

The Lie superalgebra q is called transitive if H^'^{q_;q) = for all k > 0, 
i.e. Q is transitive if the conditions [0_,a] = and a G ©j>oflj imply that 
a = 0. 

Remark 1.1. The transitivity property is equivalent to (G2), provided that 
(Gl) holds (see Introduction). 

A linear map a : q_ ^ q is called a derivation of q_ into q if for all 
x,y G 0_ we have a{[x,y\) = [a(a;),y] + (— l)*''^")^^^) [x, a(y)]. Evidently, 
the space of all derivations derc(0_,0) is Z-graded so that we may write 
derc(0_, fl) = ©;gzderc(£l-) fl)i- Furthermore every element of g itself defines 
a derivation of 0_ into g. It follows from the definition that iJ*'^(g_;g) = 
derc(fl_,fl)/0 so that 

-ff''^(0-;0) = derc(0_,0)//0/. 

Let fl<o denote the subalgebra q_ © of 0- We will say that 5 is a full 
prolongation of 0<o of degree k, if g contains all derivations of q_ into q of 
degree > k. This is equivalent to saying that H^'^{g_-,Q) = 0, for I > k. Note 
that a full prolongation of 0<q of degree 1 is uniquely determined (since in 
this case qj is just derc(0_, 5)^-, for j > 1); in this case we shall call q the 
full prolongation of5<o. 

Remark 1.2. For most cases the notion of full prolongation is adequate for 
the study of filtered deformations. However, in some cases, full prolongation 
is too strong an assumption, and should be replaced by a weaker notion, 
which we shall call an almost full prolongation. We shall take this up in the 
next section after introducing filtered deformations, which turn out to be 
closely related to iJ*'^(fl_; g). 
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2. Preliminaries on filtered deformations. 

Let L be a filtered Lie superalgebra of finite depth h, where his a positive 
integer. This means that L is a Lie superalgebra with a sequence of subspaces 
(compatible with the Z2-gradation of L) 

L = L_fi D D • • • L_i D Lq D Li ■ ■ ■ D Ln D ■ ■ ■ , 

such that [Li, Lj] C ij+j. We shall assume in this paper that dimcLj/Lj+i < 
oo, for all j. The filtration in a natural way induces a topology on L. The 
condition [Li, Lj] C Lj+j makes L into a topological Lie superalgebra. We 
will say that L is complete, if L is complete with respect to this topology. 
In this paper we shall always deal with complete filtered Lie super algebras. 
Let Q = ©^_/j0j, where Qj = Lj/Lj^i, be i ts associated graded Lie super- 
algebra. We let 0(j) = 0i>j£li. This defines a filtration on g. The completion 
of £1 with respect to the topology induced by this filtration will be denoted 
by fl- 

For each j > —h wc may choose a subspace Vj of Lj so that Vj®Lj^i = Lj 
as vector spaces. Wc may identify Vj with Qj so that in the vector space 
Q = Ylj 9j = Hj^j = L we may define two Lie brackets. Namely, [•,•], 
which is the Lie bracket of the Lie superalgebra q, and [•,•]!, which is the 
Lie bracket of the Lie superalgebra L. We have for x,y e g = (BjQj- 

[x,y]i = (2.1) 
i>l 

where ^i : g A g ^ g is an even super-skewsymmetric bilinear map such that 
l^iiSj ^ 9s) <^ Qj+s+i each i = 1,2,- ■ ■. Note that for each e G C* the map 
'/'e : fl — ^ 0) d efined by i^e(x) = e-'x, if x G g^ , is a continuous automorphism 
of the Lie superalgebra g, provided that e 7^ 0. Applying ip^, with e 7^ 0, 
to both sides of (2.1) and dividing by an appropriate power of e, we obtain, 
letting [x,y]e = ipe{[x,y]i): 

[x, y]e = [x, y]+Y^ f^ii^^ (2-2) 

i>l 

The bracket defines a Lie superalgebra structure on the space g. If 

e 7^ 0, the obtained Lie superalgebra, which wc denote by g^, is isomorphic 
to 9i. If e = 0, it is isomorphic tog. We will sometimes call [■,-]e the 
deformed bracket of [•,•], and g^ with a deformed bracket (or L) a filtered 
deformation of g. A filtered deformation is said to be a trivial deformat ion, 
if it is isomorphic to g. 

We have associated to a filtered deformation g^ = L of g a sequence 
of bilinear maps Hi : gAg — g, i = 1,2,---. We shall call the sequence 
{/xi, /i2, • • •} a defining sequence of this filtered d eformation. 
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Remark 2.1. Of course, a different choice of the subspaces Vj gives rise to a 
different defining sequence in general. Hence a filtered deformation may be 
represented by different defining sequences. Thus we may study a filtered 
deformation by analyzing the effect of a different choice of the subspaces Vj 
on the resulting defining sequence. Clearly, a filtered deformation is trivial if 
and only if we may choose the subspaces Vj in such a way that the resulting 
defining sequence cons ists of zero maps. 

Let X, y and z be homogeneous (both in the Z- and Z2-grading) elements 
of g. The Jacobi identity in gives 

[2:, [y,^]€]e = [[x,y]e, z]e + p{x,y)[y,[x, z]e]e, wheve p{x,y) = (-1)P(^M2'). 

Substituting (2.2) into this expression gives an identity in power series in e 
with coefficients in g. We collect the coefficient of and obtain the following 
identity in g: 

[x,Hk{y,z)]+ iJ,k{x,[y,z]) + ^ Hi{x,Hj{y,z)) 

l<i,j<k 

= l^k{[x,y],z) + [i2k{x,y),z] + l^iiHix,y),z) +p{x,y)[y,Hk{x,z)] 

l<i,j<k 

+ p{x,y)lJ-k{y,[x,z]) +p{x,y) l^iiy^l^j{x,z)). (2.3) 

l<i,j<k 

Proposition 2.1. The Erst non-zero term ji^ in (2.2) is an even 2-cocycle 
of Q with coefficients in the adjoint representation. 

Proof. Since /Xj = for all i < k, from (2.3) we get 

[x,fik{y,z)]+ tik{x,[y,z]) = iJ.k{[x,y],z) + [nk{x,y),z] 

+ p{x,y)[y,Hk{x,z)] 

+ P{x,y)nk{y,[x,z]). (2.4) 
But this precisely means that /Xfe is a 2-cocycle. □ 

We rewrite (2.4) as 

fJ-kix, [y,z]) - [nk{x,y),z] -p{x,y)[y,Hk{x,z)] = 

l^k{[x,y],z) +p{x,y)fik{y, [x,z]) - [x, Hkiy, z)]. 
The right hand side above is precisely 

X- l^kiy,z), 
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while the left hand side is —df^{y,z), where J^-.q^qis given by /^(y) = 
IJ-kix, y) and d is the coboundary operator. Thus it follows from the proof of 
Proposition 2.1 that (2.3) may be rewritten as 

X- Hk{y,z) +dfr,{y,z) = - l^iix,^j{y,z)) + ^ i2i{i^j{x,y),z) 

i<i,j<k l<i,j<k 

+ p{x,y) (2.5) 

l<i,j<k 

Of course (2.3) can also be rewritten as 

dnk{x,y,z) = - IJ'iix,H(y^^)) + X] IJ'i{lJ'j{x,y),z) 

^^i>j<k l<i,j<k 

+ P{x,y) Y Mi(y,Mj(a;,2;)). (2.6) 

l<ij<fc 

Here is the key observation (due to Kobayashi and Nagano [KN] in the 
case h = l): 

Proposition 2.2. The first non-zero term in (-2.2) restricted to q_ defines 
an even go -invariant element in iJ'^'^(0_; g). 

Proof. By Proposition 2.1 l^k\Q_xQ_ is a 2-cocycle. Now (2.5) with x e Qq 
and y,z G g_ means precisely that it is flo'ii^variant in H*{q_;q) (since its 
right-hand side is zero). □ 

Remark 2.2. Proposition 2.2 also follows from Proposition 2.1 as follows: 
/Xfe defines a g-invariant element of i?*(0_;£l), hence it is flo'ii^variant in 
H*{q_\q), when restricted to g_. 

Proposition 2.3. Let and be two filtered deformations given by 
defining sequences {/ii, 112, • • •} and {iJ,[, 112, • • respectively. Suppose that 
{Hk — /^fc)lg_xg_ is a Spencer coboundary for some k > 1. Then g^ iias a 
defining sequence 112, ■ ■ ■} such that ji" = fi'^, for i < k, and ju^lg xg_ = 
/^fc|g_xg_- (fn other words, one can c hange the defining sequence of g^ such 
that its first k — 1 terms are unchanged, and its k-th term becomes the k-th 
term of the defining sequence of g^ when restricted to q_.) 

Proof. We have for x, y G g_ 

[x,y], = +^/Xi(x,y)e*, [x,y]', = [x, y] + ^ /i-(x, y)e\ 

i>l i>l 
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By assumption /i^ — //^ is a Spencer coboundary, hence there exists an / : 
fl_ — ^ such that df = — fx'j^. We define an injective map Pk '■ 9- ^ 3 via 

Pk{x) = X + f{x)e'', VxGfl.. 

A simple calculation shows that 

[pkix), pk{y)]'e = pki[x,y]) + ^l^i{x,y)€' + pk{x,y)€'' + Hi{x, y)e\ 

i<k i>k 

But now obviously Pk{Q-) + 0(o) = 0- Thus replacing q_ by Pk{Q-) in flg, 
which correspond to a new choice of Vj, for j < 0, we obtain a defining 
sequence with the desired property. □ 

Combining Propositions 2.2 and 2.3 we obtain 

Corollary 2.1. Let be a filtered deformation of a graded Lie superalgehra 
Q with defining sequence {ni, IjL2, • • •}. Suppose tliat H^'^{g_;g) has no non- 
trivial even gQ-invariant vectors for any j > 1. Then has a defining 
sequence {iJ.'i,fX2, ■ ■ ■} such that fJ''j\g_xg_ is identically zero for all j > 1. 

Proof. Since /iilg_xg_ is a Spencer coboundary by Proposition 2.1, the 
filtered deformation g^ has a defining sequence such that {//'i, //2) " " "}) where 
P'i\q_xq_ = by Proposition 2.3. Now 'mu2\Q_xg_ is a Spencer cobound- 
ary, hence g^ has a defining sequence {/i'i,/i2) ' " "}) such that A*2lg_xg_ = 0. 
Repeating this procedure, we may make lJ''^'\g_xQ_ = as well, etc. Since g^ 
is complete, we may take the limit. □ 

Let g = be a Z-graded Lie superalgebra. Suppose that g^ is 

a filtered deformation of g with defining sequence {0, - ■ ■ ,0, fik, fJ-k+ir ' '}■ 
Let a be a maximal reductive subalgebra of gg and suppose that either a is 
semisimple or has a 1-dimensional center Cc, where adc acts on g^ as the 
scalar j for each j G Z. By Proposition 2.1, Hk\axa is a 2-cocycle of o with 
coefficients in the a-module g^. Due to our assumptions on a, by Whitehead's 
second lemma Hklaxa is a coboundary. As in the proof of Corollary 2.1 we 
may find a defining sequence {0, • • • , 0, P-'ki P'k+iJ ' "} ^^r such that /Xj|axa 
is identically zero for all j. Thus we may assume that 

[a, b]e = [a, 6], Va, 6 G a. 

Note that /Xfe : go ® g^ — >■ Sj+k induces a map i^k\a '■ <^ ^ 9j ® 9j+k- 
It is easy to show, using the Jacobi identity and the fact that fiklaxa is 
identically zero, that Vkla is a 1- cocycle of a with coefficients in g^ <8)gj+fc. If 
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a is semisimple, then by Whitehead's first lemma z/fela is a coboundary. If a 
has a non-zero center, then it acts non-trivially on Qj<SiQj-^-k and hence a 
is a coboundary as weh. Arguing as before, we may assume that for aU j 

[a,x]e = [a,x], Va G a,Vx G Qj. 

Now let X G Qg and y & Qi- Taking bracket in of an element a G a with 
[x,y]e we obtain 

oo 

[a, [a;,y]e]e = [a,[x,y]]e + "^[0, fii{x,y)]ee^ 

i=k 
00 

i=k 

On the other hand, by Jacobi identity in the same quantity is equal 

to 

[[a,a;]e,y]e + [x, [a,y]e]e 

= [[a,x],y]e + [x,[a,y]]e 

00 00 
= [a,x],y] +^//i([a,x],y)€' + [x, [a,y]] + ^//^(x, [a,y])e\ 

i=k i=k 

Comparing the coefficients of we obtain 

[a,fii{x,y)] = fj,i{[a,x],y) + fj,i{x, [a,y]), 

which means precisely that the map /^ilg^xg^ '■ 0s Bt ^ Bs+t+i is a homo- 
morphism of a-modules for every i > k and s,t > —h. We thus have proved 
the following proposition: 

Proposition 2.4. Let g = ©j2,_/jflj he a Z-graded Lie superalgebra and let 
a C Qo be a maximal reductive subalgebra of qq. Suppose that either a is 
semisimple or the center of a is Co, where adc acts on as j, for every j G Z. 
Then every filtered deformation ofg has a defining sequence {^i, fi2, • • •} such 
that fj,i{a,Q) = and fJ-i '■ Bg ® Bt ^ Bs+t+i ^ homomorphism of a-modules 
, for i = 1,2,- ■ ■. 

In other words. Proposition 2.4 says that in every filtered deformation L 
of one can choose a subalgebra a' C Lq which maps isomorphically to a un- 
der the map Lq Qq and one can choose a subspace Vj in Lj complementar 
y to Lj+i for each j > —h such that a' C Vq and [a', Vj] C Vj. Prom this we 
obtain immediately the following (well-known) corollary, which takes care of 
the case when a has a non-trivial center. 
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Corollary 2.2. Let q = Q)'jL_f^Qj be a graded Lie superalgebra of depth h. 
Suppose that contains an element c such that Skdc\g. = j. Then q has no 
non-trivial filtered deformations. 

From now on we shall assume that q is transitive. 

Proposition 2.5. Let g = ©^_/j0j be a transitive graded Lie superalgebra. 

Suppose that {^i, fj,2, ■ ■ ■} is a defining sequence of a Rltered deformation 
of Q. Then /Xj is completely det ermined by its restriction to q_ x q. 

Proof. Let a,b E % and a; G 0_. We have 

oo 

[x, [a,6]£]e = [x,[a,b]]e + Y^[x,iJ,i{a,b)]ee'- 

i=l 

= [x, [a,b]] + [x,iJ,i{a,b)]e + iJ.i{x, [a,b])e + o(e^). 

Now obviously 

[x, [a,6]g]g = [[x,a\^,b]^+p{x,a)[a,[x,b]e]e 

= [[x,a],b] +p{x,a)[a, [x,b]] + fii{[x, a],b)e + [fii{x, a),b]e 
+ p{x,a)[a, iJ,i{x,b)]e + a)//i(a, [a;,6])e + o(€^). 

Hence 

[x,tJ,i{a,b)]+ iJ.i{x,[a,b\) = iJ.i{[x,a\,b) + [iJ.i{x,a),b] 

+ p{x,a)[a,tJ,i{x,b)]+p{x,a)fj,i{a,[x,b]). (2.7) 

By assumption pi\g_xQ is known. Hence the only term in (2.7) that is not 
determined is fii{a,b). However, since q is transitive, //i(a, 6) is uniquely 
determined by (2.7). Thus /J-iIqqXQq is determined by lJ'i\g_xg- 

Now suppose that a G 0o b E gj^. We will argue inductively. Suppose 
that /"i|0_xfl,/Wi|floX0„, • • • ,/^i|0oX0fe_i are uniquely determined. From (2.7) 
again we see that the only term that is not deter mined is fii^a.b). By 
transitivity again /xi(a, 6) must be uniquely determined. Hence /ii|g_xg and 
/iilggxg are uniquely determined. 

Now suppose that a, 6 G fli. Again from (2.7) and transitivity we see that 
pi{a,b) is uniquely determined. Similarly fii\g xg is uniquely determined. 
Proceeding this way we see that /ii is uniquely determined by x g. 

Now /i2 satisfies equation (2.7) up to a ftinction depending only on /ii 
by (2.3). Since fj,i is already uniquely determined, we may proceed as before 
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to show that fj,2 is uniquely determined by A*2|5_xg and /xi. Similarl y /X3 
satisfies equation (2.7) up to a function depending on fii and /X2- Hence fxs 
is uniquely determined by /^alg xfl) /^i and /X2 etc. This completes the proof. 
□ 

Proposition 2.6. Let q = (B^_f^5j be a transitive graded Lie superalgebra 
such that {//i,/H2, • • •} and {/u'l, /i2, • ■ ■} define two filtered deformations of 
Q. Suppose that Hi\Q_xQ = /"ilfl_x0 fori<k and Mfelg.xg. = l^'k\Q_xQ_ for 
some k > 1. Assume that g is a full prolongation of g<o of degree k. Then 
0^ has a defining sequence {yu", fi2, ■ ■ ■} such that fi'- = ji-i, for i = I, - ■ ■ ,k. 
Furthermore IJ'i\g_xg_=l^i\g_xg_ for all i. (In other words and g'^ have 
dehning sequences that coincide up to the k-th term an d coincide when 
restricted to fl_ x g_.) 

Proof. Let a & Qq and x & q_. By Proposition 2.5 it follows that f^i = /x^ 
for i < k. Now from this, the fact that (/Xfc — /^fc)|g_x0_ is identically zero 
and (2.5) it is easy to see that the map /„ : 0_ — defined by 

faix) ■= l^k{a, x) - n'kia, x), X G £i_ 

is a Spencer 1-cocycle. Hence by hypothesis there exists an element Va & 
such that fa{x) = [va, x], for all x e g^. Now set Po{a) = a — Va(^^ for all 
o G 00- It follows that 

[Po(«)>^]6 = [a,x\+Y,tJ''i{a.x)e' 

i<k 

+ ^jLk{a,x)e'^ + ^^ji'l{a,x)e\'ia G flo)^^ ^ fl-- 

i>k 

Next let 6 G 01 and x G 0_. Using the fact that (/Xfc — /x^), restricted to 
g_ X g_ and g_ x gg, is identically zero, that = fi'^ for i < k and (2.5) we 
may again show analogously that the map f^-g-—>-g given by 

fh{x) := i^k{b, x) - i^'kib, x), xeg_ 

defines a Spencer 1-cocycle. In a completely analogous fashion we define the 
map Pi : 01 — * such that 

[p'i{b),xl = [b,x]+J2f,',ib,x)e' 

i<k 

+ Hkib,x)e'' + J2l^iib,x)e\ V6Gbi,VxG0_. 

i>k 
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Now Pj, for j > 2, are defined analogously. The sequence above, call 
it {n", iJ,2,- ■ ■}, of course is a defining sequence for g'. We have Hi = ji'l 
for i < /c and /ifc|g xg = Mfcl0_xg- App lying Proposition 2.5 again we 
have fik = Aifc- Also since the subspace V- remains unchanged, obviously 
Mi'lfl_x0_ = /^il0_x5_- □ 

The following is an important remark. 

Remark 2.3. In the proof of Proposition 2.6 the only place where full pro- 
longation is used is to find elements u^, which then allows us to define p^. 
Now we may assume that //j|a X g = for all j, where a is the maximal 
reductive subalgebra of (flo)o' ^ explained earlier. Using this it is easy to 
verify that p^ is an injective a-homomorphism. Hence the map a — > is 
an o-homomorphism. In particular, if i?''^(0_;f|) is a direct sum of irre- 
ducible o-modules that are not isomorphic to those irreducible a-modules 
that appear in the decomposition of g^^^, then we may always find such VaS. 
Therefore the assumption of full prolongation of degree k may be repl aced 
by the weaker assumption of 

Homa(i?''H0-;0),0(i)) =0, V/ > fc, 

and the conclusion of Proposition 2.5 remains valid. We will say that g is an 
almost full prolongation of g<o if Homa(i7''^(g_; g), g(i)) = for all I > 1. 

Combining Remark 2.3 with Proposition 2.6 we have proved 

Theorem 2.1. Let g = 0^_/jgj be a transitive graded Lie superalge- 
bra. Let g^ and g^ be two filtered deformations of g with defining se- 
quences {/ii, /i2, • • •} and {p[, fi2, • • •}, respectively. Suppose that l-Li\g_ xg_ = 
A*ilfl-xg_) for all i > 1. If furthermore g is an almost full prolongation of 
g<o, then g^ = g^. 

The next two corollaries generalize two results of Kobayashi and Nagano 
[KN]. 

Corollary 2.3. Let g = (Bj^^f^Qj be a transitive graded Lie superalgebra. 

Suppose that H^''^{g_; q)q contains no non-trivial g^-invariant vectors and 
that g is an almost full prolongation of g<o . Then g has no non-trivial 
filtered deformations. 

Proof. Let g^ correspond to {iJ,i,fi2, • • •}• By Propositions 2.2 and 2.3 we 
may assume that fJ'i\g_xg_ = 0. But then Theorem 2.1 tells us that g^ is 
isomorphic to the trivial deformation. Dd 
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Corollary 2.4. Let L = L_h D ■ ■ ■ D L_i D Lq D Li D ■ ■ ■ be a Gltered 
deformation of a transitive graded Lie superalgebra g = 0^_^0j. Suppose 

that Q is an almost full prolongation o f 0<q. If there exists a Z-graded 
subalgebra V- = (Bj<oVj of L isomorphic to q_ such that V- + Lq = L, then 
L^-&. 

Proof. The existence of the subalgebra V- means that there exists a defining 
sequence {fii,H2, • • •} of L such that x0_ = for all i. But since it is 
an almost full prolongation, Theorem 2.1 tells us that //j = for all i. □ 

Corollary 2.5. Let g be a transitive graded Lie superalgebra. Let g^ and 
flg be two filtered deformations given by {iJ,i,fi2, ■ ■ ■} and {fJ-i, 1^2, • • re- 
spectively. Suppose that ^i|g_xg_ = /4lg_x0_ for i = 1, ■ ■ ■ , k — 1 and 
i?^'^(0_; 0)0 contains no gQ-invariant vectors for I > k. If furthermore g is an 
almost full prolongation of 0<o, then = g'^. 

Proof. By Proposition 2.6 we may assume that fii = for i = 1, • • • , A; — 1. 
By formulas (2.5) and (2.6) it follows that (/Ufc — Mfc)l0_x0_ is a 0o-™variant 
Spencer cocycle. Hence by Proposition 2.6 again we may assume that = 
n'}^. Proceeding this way we show that Hi = /x^ for all i > k. □ 

Proposition 2.7. [G] Let g be a transitive Z-gradcd Lie superalgebra such 
that g_2 contains a central element of g of parity 6. If -ff^(0o; fl-i)<5 = 0) 
then g has no filtered deformation L such tha t Lq is a maximal subalgebra. 

Proof. Let 1 denote this central element. Suppose that {^i, fi2 ' ' '} is a 
defining sequence of a deformation = L of g. We will show that there 
exists a defining sequence {/x'i,//2 • • •} of L such that i2[{l,g(y) = 0. Prom 
this it follows that 1 normalizes g^o) ^-nd hence Lq is not maximal. 

For a, 6 G 00 we have by Jacobi identity 

[1, [a, 6],] e = [[1, a]e, 6]e + P(l, a)[a, [1, 6],],. 

Collecting the coefficient of e wc get 

y"i(l, [a,b]) = [/Ui(l,a),6] + p{l,a)[a, iii{l,b)]. 

This means precisely that the map c : gg ^ 0-i given by c(a) = /ii(l,a) is 
a 1-cocycle of go with coefficients in g_i. By assumption c is a coboundary, 
and hence we may add to 1 an element x in g_i so that 

[l + x,al = fi'2{l,a)e^ + o{e^). 

This choice of V-2 gives the required defining sequence. □ 
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Lemma 2.1. Let g = q + CI be a transitive Z-graded Lie superalgebra, 
which is a central extension of a Z-graded Lie superalgebra by adding a 
central element 1 in degree —2 such that [q_i,q_i] = CI. Then g i s the full 
prolongation of q<q, provided that q is the full prolongation of q<q. 

Proof. Let a : g_i + CI — ^ g be a derivation of degree > 1. Thus a : 

g_i + CI ^ g. It suffices to show that a(l) = 0. Let x £ Then = 

a([x, 1]) = [a{x),l]+ p{a, x)[x, a{l)] = p{a, x)[x, a{l)]. Thus by transitivity 
a(l) = Al, A G C. But then A = 0, since a is of positive degree. □ 



3. Examples of Z-graded Lie superalgebras. 

In this section we will recall the definitions and list some properties of 
those Z-graded Lie superalgebras whose filtered deformations we are inter- 
ested in. Some of their properties are well-known and can be found in [S]. 

Let A(n) be the Grassmann superalgebra in the n odd indeterminates 
Ci) ^2, • ■ ■ J ^n- Let xi,X2, - " J be m even indeterminates. Set A(m, n) = 
C[xi, • • • , Xm] 'Si A(n). Then A(m, n) is an associative commutative superal- 
gebra. Let W{m, n) be the Lie superalgebra of derivations of A(m, n). Then 
W{m,n) consists of elements of the form [Kl]: 

™ 5 ^ d 

where fi,gi G A(m, n) and ^ (respectively ^) is the even (respectively 
odd) derivation uniquely determined by ^{xj) = 5ij and = 

(respectively -^{xj) = and ^(^j) = Sij). To each vector field D = 
T,iLi + E"=i 9^■^^ we may associate its divergence by 

^ Pi f " P> 

i=l i=l "^'^ 

Let ^{m,n) be the superalgebra of differential forms over A(m, n) [Kl]. 
Consider the following differential form: 

n 

Lo = ^^dxid^i G n(n,n). 

i=l 

Define the odd Hamiltonian superalgebra [L] 



HO{n,n) := {D G W{n,n)\Duj = 0}. 
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The Lie superalgebra HO{n,n) is simple if and only if n > 2. 

The Lie superalgebra HO{n,n) contains the subalgebra of divergence 
free vector fields 

SHO'{n,n) := {D G HO{n,n)\divD = 0}. 

The derived algebra of SHO'{n,n) is an ideal of codimension 1, denoted by 
SHO{n, n), provided that n>2. SHO{n, n) is simple if and only if n > 3. 

In A(n, n) we can define the Buttin bracket by 

which makes A(n, n), with reversed parity, into a Lie superalgebra. It con- 
tains a one-dimensional center consisting of constant functions. The map 
A(n,n) — ^ HO{n,n) given by 

is a surjective homomorphism of Lie superalgebras with kernel consisting 
of constant functions. Hence we may (and will) identify HO{n,n) with 
A(n, n)/Cl with reversed parity. In this identification we have: 

SHO'in,n) = {/ G A(n,n)/Cl| A(/) = 0}, 

where A = Yji=i dx^de,- '^^ Laplace operator, and SHO{n, n) is iden- 

tified with the subspace consisting of elements not containing the monomial 
66 ■■■in- 

By putting degx, = 1 and deg^ = 1 for ? = 1, 2, • • • , n the Lie superal- 
gebras HO{n,n), SHO'{n,n) and SHO{n,n) become Z- graded Lie super- 
algebras of depth 1. Since [xi,^] = Sijl wc obtain, by adding CI to degree 
—2, non-trivial central extensions of HO{n,n), SHO'{n,n) and SHO{n,n), 
denoted by HO{n,n), SHO {n,n) and SHO{n,n), respectively. 

The 0-th graded components of HO{n,n) and HO{n,n) have a basis 
consisting of vectors of the form {x,iXj}, {xiS,j} and {^j^ ji^i '^iJ — 
1, 2, • • • , n. This is the Z-graded finite-dimensional Lie superalgebra P[n) = 
P{n)_i + P(n)o + P(n)i (cf. [Kl]), where P{n)o ^ gl^, P{n)^i ^ A2(C"*) 
and P{n)i = S'^(C"), where C" stands for the standard representation of 
gin- Their —1-st graded components have a basis consisting of {xj} and {6}, 
i = 1, 2, • • • , ra. Evidently the span of {xi} as a g^Z^-module is isomorphic to 
C", while the span of {6} is isomorphic to C"*. 
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The 0-th graded components of SHO{n, n), SHO'{n, n), SHO{n, n) and 
SHO {n,n) have a basis consisting of vectors of the form {xiXj}, {xi^j}ijLj, 
{xi^i - Xj+i,fi+i}j<„ and for i,j = l,2,---,n. This is the Z- 

graded subalgcbra P{n) of P{n) (cf. [Kl]), where P{n)() = sin and P(n)^i = 
A^(C"*) and P{n)i = 5^(C"), where C" stands for the standard representa- 
tion of sin- Similarly, their —1-st graded components have a basis consisting 
of {xi} and {^j}, i = 1, 2, • • • , n with the span of {xi} isomorphic to C" and 
the span of {^i} isomorphic to C"*. 

It can be shown that HO{n,n) and SHO'{n,n) are full prolongations of 
Er=i(Ca;i+C^,)®-P(") and Y17=i{Cxi+C^i)®P{n), respectively [CK]. Thus it 
follows from Lemma 2.1 that HO{n, n) and SHO (n, n) are full prolongations 
of CleE"=i(Ca;j-FC^i)©P(n) and Cl®Yli=i{'Cxi+C$,i)®P{n), respectively, 
as well. Consequently, in the case of SHO{n,n) and SHO{n,n) the only 
obstruction to being a full prolongation lies in degree n — 2. More precisely 
we have (Z G Z+) 

H^''^{SHO{n,n)-i;SHO{n,n)) =0, l^n-2, 

H^'^{SHO{n,n)-;SHO{n,n)) = 0, ly^n-2, 
H^-^'\SHO{n, n)_i; SHO{n, n)) = 0^6 • • • ^n, 

H^-^^\SHO{n, n)_; SHOin, n)) = ■ ■ ■ ^n- (3.1) 

Let us denote the vector J27=i ™ HO{n, n)o by Other Lie superalge- 
bras that arise in the classification in [K3] , and hence whose filtered deforma- 
tions we also need to consider are the following four series: SHO(n, n) -|-C<I>, 
SHO'in, n) + C$, SHO{n, n) + C$ and SHO'{n, n) + C$. 

Let xi,X2, ■ ■ ■ ,Xn be n even indeterminates and ^i, ^2, • ' ' ; ^n+i = 
be n -I- 1 odd indeterminates. Define the odd contact form to be 

n 

^1 = dr + '^^{iidxi + Xid^i) G fi(n, n + 1). 

•i=i 

The odd contact superalgebra KO{n, n + 1) is the following subalgebra of 
W{n,n + 1) [ALS]: 

KO{n, n + l) = {De W{n, n + l)\Dn = fo^}, 

for some /d G C[r, xi, • • • , Xn, Ci) ' ' ' > Cn]- The Lie superalgebra KO{n, n+1) 
can be realized as follows. We may define the odd contact bracket on the 
space A(n, n -I- 1) by 
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where E = J2i'=ii-^ + ^) is the Euler operator. Reversing parity, A(n,ra + 
1) with this bracket becomes a Lie superalgebra and the map A(n, n + 1) ^ 
KO{n, n + 1), given by 



is a isomorphism of Lie superalgebras. Hence we may (and will) identify the 
Lie superalgebra KO{n, n + 1) with A(n, n + 1) with reversed parity. 

For /3 G C wc let div/3 = 2(-lf {A + {E- n(3)-§p), where A is the odd 
Laplace operator. Wc set [Ko] 



This is a subalgebra of KO{n, n+1) and is simple if and only if n > 2 and /3 ^ 
1,^. LctS'A'0(n,n+l;/3) denote the derived algebra oi SKO'{n,n+l; P). 
Then SKO{n,n + l; 0) is simple for n > 2 and it coincides with SKO'{n, n + 
l;/3) unless /? = 1 or /? = The Lie superalgebra SKO{n,n + 1;1) 

(respectively SKO{n,n + 1; ^^)) consists of elements not containing the 
monomial r^i^2 • • • (respectivel y ^1^2 • • • Cn)- Note that SKO{n, n + 1; ^) 
is the subalgebra of KO{n,n + 1) consisting of divergence free vector fields. 

By setting dcgr = 2 and degXj = deg^j = 1 for all i, KO{n,n + 1) and 
hence SKO{n, n + 1; /3) and SKO'{n, n + 1; /?) (since div^ is homogeneous 
with respect to this gradation) become Z-graded Lie superalgebras. They 
are all of depth 2. In the case of KO{n, n+1) the 0-th graded component has 
a non-trivial center, namely Cr, and hence by Corollary 2.2, KO{n, n -|- 1) 
has no non-trivial filtered deformations. 

Now consider SKO{n, n + 1; /?) and SKO'{n, n + 1; /3). The 0-th graded 
component is spanned by the vectors {xiXj}, {.Xj^j}, and r + /3<1>, 

where i,j = 1,2, •••,n and <I> = ^27=1^1^1- This is the Lie superalgebra 
P(n) = P{n) + C(r -|- /3$). The —2-nd graded component is spanned by 
CI, on which r + ,5$ acts as the scalar —2. The —1-st graded component is 
spanned by the vectors {xi} and {.^j} for i = 1, ■ ■ ■ ,n. With respect to P{n) 
this is the standard representation, and t+/3$ acts on ^27=1 (respectively 
Y^f=i C^i) as the scalar + P (respectively — 1 — /3). It can be shown that 
SKO'{n, n+ 1;(3) are full prolongations for all /? [CK]. Hence we have: 



i=l 



did_ 

dxi d^i 



+ (-l)-(^)^^), 
d^i dxi 



SKO'{n, n + l;p) = {f e A(ra, n + 1)| divpf = 0}. 
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H^'^{SKO{n,n + SKO{n,n + =0, I ^ n, (3.2) 

H^'^(SKO(n, n + 1; SKO(n, n + 1; ^)) = 0, l^n-2, 

n n 

H'''\SKO{n, n + 1; SKO{n, n + 1; 1)) = Cr^i^ ■ ■ ■ Cn, 

Yi 2 r? 2 

H^--^'\SKO{n, n + 1; )_i; SirO(n, n + 1; )) = CCi6 ■ ■ ■ Cn- 

n n 

Let pi,P2, •■■,Pn, Qi,q2, ■■■,qn he 2n even and Ci, 6> • • • , Cm be m odd 
variables. Consider the differential form 

n m 

£7 = ^ dpidqi + ^ dCid^i G 0(2n, m). 
i=i i=i 

Define the Hamiltonian super algebra to be [Kl] 

H{2n,m) = {D e W{2n,m)\Da = 0}. 

It is a simple Lie superalgebra for n > 1 and m > 0. 

Let A(2n, m) = C[pi, • • • qi, • • • , qn] 'S' A(m). For f,g£ A(2n, m) we 
define the Poisson bracket 

\fq]= - - (-l)P(f) V 

As before A(2n, m) with this Poisson bracket is a Lie superalgebra. The map 

defines a surjective homomorphism of Lie superalgebras from A(2n, rn) onto 
H{2n,m). The kernel of this map consists of constant functions so that 
we may (and will) identify H{2n, m) with A(2n, m)/Cl. By putting Aegpi = 
deggi = 1 and deg^j = 1 for z = 1, • • • , n and j = 1, - ■ ■ ,m H{2n, m) becomes 
a Z-graded Lie superalgebra of depth 1. 

The 0-th graded component of H{2n, m) is the Lie superalgebra spo{2n, m) 
Now spo{2n, m)o has a basis consisting of vectors of the form {piPj,Piqj, qiqj} 
for i,j = 1, • • • , n and {^j^j jj^j for i, j = 1, ■ ■ ■ ,m. and hence is isomorphic to 
the Lie algebra sp2n © som- spo{2n,m)i has a basis consisting of vectors of 
the form {pi^j,qi^j} for i = 1, • • • , n and j = 1, ■ ■ ■ ,m. Its span is isomorphic 
to the sp2n © sOjn-Toa. odule C^" (8) C"^, where C^" and C™ are the respective 
standard representations of sp2n and sOm- H(2n, m)_i has a basis consisting 
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of vectors of the form {pi, qi} and {^j}, i = 1, • • • , n and j = 1, ■ ■ ■ ,m. E 
vidently the span of {pi,qi} is isomorphic to C^", while the span of {^j} is 
isomorphic to C"*. It is the standard representation of spo{2n,m), denoted 

by C^nlm^ 

Finally H{2n, m) is the full prolongation of the pair C^"'"* © spo{2n, m) 
[CK]. 



4. Calculations of Spencer 2-cocycles and triviality of filtered 
deformations of SHO{n,n), HO{n,n), H{2m,n) and SKO{n,n + 
1;/?), 

In this section we will apply the results obtained in Section 2 and start 
our investigations of filtered deformations of those graded Lie superalgebras 
discussed in Section 3. Due to Proposition 2.2 our first step should be to 
find 00-iiivariant Spenc er 2-cocycles. However, because of lack of complete 
reducibility of go-™odulcs in general, we will restrict ourselves to the even 
part a = (flo)o flO' which we do have complete reducibility (in all our 
examples). So our task w ill be first to look for all a-invariant vectors on 
the level of 2-cochains and then determine which of those vectors indeed 
satisfy the 2-cocycle condition. To find a-invariant 2-cochains we will first 
need the a-module structure of Qj and then use this to find all the trivial 
a-modules that appear in A^(0l) Qj- So our first task will be to determine 
the o-module structure of Qj for every j. 

Consider the Lie superalgebra g = SHO'(n,n), for n > 3. As usual we 
will write Qj for its j-th graded component. Here o = sin and we denote by 

R{J2i kiTTi) the irreducible ,s/„-module with highest weight J2i kiiTi, where tTj 
is the i-th fundamental weight of sin- Below we will list the structure of Qj 
as sln,-modules and also include explicitly a highest weight vector. 



£1_1 : {R{7Ti),Xi}, {i?(7r„_i), Cn} 

00 : {i?(27ri),x?}, 
{R{tti +7r„_i),xi^„}, 

{R{'Kn-2),^nCn-l} 

01 : {R{3ni),xl},{R{2Tri + 7Tn-i),xl^n}, 
{i?(7ri + 7Tn-2), a:i6t?n-i}, 
{R{TTn-3),Cn^n-lCn-2} 
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Sn-2 ■ {^(nVTi), X^}, {R{{n - 1)tTi + TTn-l), x'^-^^n}, 
{Ri{n - 2)7ri + ^^-2), ^^^^nCn-l}, • • • , 
{R{27Ti),XiCn ■ ■ ■ 6}, {i?(0), C„Cn-l " " " 6} 

: {i2((n + l)7ri), x^+i}, {ii(n7ri + 7r„_i), x^^n}, 
{R{{n - l)7ri + 7r„_2),x^-^CnC„_i}, • • • , 
{R{3Tri),xUn---^2} 



Note that the structure as an sZ„-module of SHO{n,n) is exactly the same 
except that the component {i?(0), • • -^i} is removed in g„_2- 

For i = 1, • • • ,n let fi,9i G gl^ be such that fi{xj) = 6ij, fi{^j) = 0, 
9i{xj) = and 9i{^j) = 6ij. Note that since the map A(n, n) HO{n,n) is 
odd (see Section 3), we have to rever se parity in A(n,n) in order to get the 
correct parity. Hence p{fi) = 1 and p{6i) = 0. Evidently the span of {fi} 
is the s^„-module i?(7r„_i) with highest weight vector /„, while the span of 
{9i} is -R(7ri) with highest weight vector 9i. So using our notation A^(fll]^) 
consists of the following irreducible components with highest weight vectors: 

n 

{i?(27r„_i), {R{Tri + 7r„_i), 9ifn}, {i?(7r2), ^1^2}, {i2(0), ^ M}. 

i=l 

So to find trivial sZ^-modules in A^(glj) (g) fl^- we need to find modules in the 
table above that are contragredient to these modules in A'^{q'^i). 

Let = SHO{n,n) or g = SHO'{n,n) n > 3. In the case when n = 3 
0„;^ = i?(7ri)©i?(7r2). Hence there exits a trivial s/3-module in A'^(Q'^i)0g_i, 
given by the vector J2f^i 9^ (g) Xi, where 9* stands for the Hodge dual of 9i. 
However this vector is odd, hence it cannot give a deformation. For n > 3 
there are no trivial sZ„-modules in A^(fll]^) (g) g_i. 

Now for n > 3 we have the following linearly independent s/„-invariant 
vectors in A^(fll^) (g) %: 

Cl = fifj (g) XiXj, 

i,j 
n—1 

^ i=\ 
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C3 = ^0iOj(^^i^j. 
i<j 

But ci,C2,C3 are all odd vectors, hence they cannot give deformations. 
In A^(fl!_^)(8)g„_2 we have the following sZ„-invariant vector in SHO{n, n): 

where again denotes the Hodge dual of ^j. However, 

dci{^i,xi,xi) = -[^i,xi^l] 7^ 0. 

Hence ci is not a cocycle. In the case of SHO'(n,n) there is an additional 
sZ„-invariant vector in A^(gl^) ^g^_2 that is not proportional to ci, namely 

n 
1=1 

It is subject to direct verification that ci + C2 is an even Spencer cocycle for 
n even. For n odd, obviously ci and C2 are both odd. We summarize the 
above computation. 

Proposition 4.1. 

H^'^iSHO{n, n)_i; SHO{n, n))5'" =0, n > 3, 
H^'^{SHO'{n, n)_r,SHO'{n, n))?'" =0, n > 3, ^ 7^ n, 
H'''^{SHO'{n, n)_i; SHO'{n, n))?'" = C, n > 3, n even, 
H''^^{SHO'{n, n)-i;SHO'{n, ra))g^" =0, n > 3, ra odd. 

From the structure of SHO{n,n) as an s/„-module given in the above 
table, we see that the trivial s^„-module doesn't appear in the decomposi- 
tion of SHO{n,n), for n > 3. Hence by (3.1) SHO{n,n) is an almost full 
prolongation and so by Corol lary 2.3 we obtain 

Theorem 4.1. SHO{n,n) has no non-trivial filtered deformations for n > 
3. 

Next consider the case of SH0'{2, 2). In this case the maximal reductive 
subalgebra of go is s^2- Denoting by R{k) the irreducible s/2-module of 
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highest weight G Z+, S HO' {2,2) decomposes as an s/2-niodule as follows: 

: {i?(l),xi},{i2(l),6} 

00 : {i?(2),x?},W),,xie2},{i?(0),66} 

01 : {R{2,),xl},{R{2,),xli2} 

Qk : {Ri{k + 2)),x1+%{R{ik + 2)),x',+%} 



a^{q*_,) = {Ri2), /|} e {R{2), /20i} © {R{o), hOi + f202} © {R{o),e,e2}. 

Here as usual fi{xj) = 6ij and Oi{^j) = 6ij, i,j = 1,2. 

Thus -R(O) can appear in A^(0li) (g) only in degree 2, i.e. in A^(0li) (g) 
00- The following linearly independent vectors span the even sZ2-invariant 
subspace in A^(0li) (g) 00: 

Cl = flf2^ {xiCl - X2C2) - fl ^Xi^2 + fi ^ 

C2 = iflOl - f202) © XiX2 - hQ2 ®xl + /201 © X^, 

C3 = (/l^l + M2) © 66- 

Compute 

c^ci (^1,^2,2:1) = 0, 

dc2{ii,i2,xi) = -[Ci,-xl] + [6, 3^13^2] = -3x1 0, 
rfc3(6,6,a:i) = [6,Ci6]=0. 

Hence any cocycle must be a linear combination of ci and C3. Now dci(^i, xi, 
3^1) = [Cij 2:1^2] = — 7^ 0- One checks easily that ci — 2c3 is a Spencer 
cocycle. This calculation also shows that SHO{2,2) has no non-trivial 5/2- 
invariant Spencer 2-cocyles. Thus we arrive at 

Proposition 4.2. Proposition 4.1 holds for SHO' {2,2) and SHO{2,2) as 
well. 

Consider now = SHO{n,n). We will now compute if'''2(0_;0)g". Let 
Cfe G H'^''^{q_;q)'^". Recalling that 0_ = Cl © 0_i, Ck can be written as 

-2,-2 , -2,-1 , -1,-1 

Cfc = Cfc ' +Cjfc ' +c^' , 
2 2 2 1 1 1 

where ' : Cl x Cl — 0jfc_4, ' : Cl x 0_i Qk_^ and ' : 
0_i X 0_i — ^ 0jk-2 are bilinear maps. It follows from the fact that 1 is central 
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and transitivity that c ^' ^ = 0. Hence 

-2,-1 I -1,-1 
Cfe = Cfc ' + Cfe ' . 

Now both c^^' ^ and c^^' ^ are s/„-invariant. Wc have investigated Cj^^' ^ 
in our computation Spencer 2-cocycles of SHO{n, n). Now we need to inves- 
tigate Cj^. ' . From our table of sl„-module structure of SHO{n,n) a bove, 
Cj, ' can be non-zero only for A; = 2 and k = n. Let 1* denote the dual to 

2 1 

1. Then we have the following choices for a non-zero ' : 

For k = 2: C2 is a linear combination oijy^^i l*/i®Xi and Xl?=i l*6'i<8> 
^j. However, both vectors are odd. So this cannot happen. 

For k = n: c~^'~^ is a scalar multiple of 

n 
1=1 

where as usual ^* is the Hodge dual of ^i. In this case we see from our 
previous calculations that c~^'~^ is a scalar multiple of 

Cl = ^fif3®XiCj- 

We know that ci is not a cocycle. However, it is easy to verify that ci + C3 
is a non-trivial Spencer cocycle. Thus we have 

Proposition 4.3. Let n > 2. TJien 

H^''^{SHO{n, n)_; SHO{n, n))?'" = 0, Z 7^ n. 
H'^'^iSHOin, n)-;SHO{n, n))?'" = C, n even. 
H''''^{SHO{n, n)-;SHO{n, n))g'" =0, n odd. 

Now consider g = SHO' {n,n). In this case the calculations of Spencer 
cocyclcs is analogous to the case of SHO{n,n). We write an element Ck G 
H^'^{q_; g) as = c^^'~^ + ^' ^. As before ^' ^ is non-zero only for k = 

2, n. When k = 2 this cannot happen as in the case of SHO{n, n). For k = n 
we conclude as before that c~^'~^ is a scalar multiple of C3 = X^iLi it- 
However, there are two other linearly independent s/„ -invariant cochains 
of degree n, as we have seen in the computation of SHO'{n,n), namely 
Cl = J2ij fifj <^ Xi^j and C2 = Ya=i fi^i ® 6 • • • There are two linearly 
independent cocycles in the span of the se three vectors, namely ci -|- C2 and 
Cl + C3. However, C2 — C3 = where b is the Spencer 1-cochain defined by 
Kl) = 6---Cn and = 0. 
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Proposition 4.4. Let n>2. Then 

H^^^{SHO'{n, n)-;SHO'{n, n))?'" =0, I ^ n. 
H^'^^iSHO' {n,n)-; SHO' {n,n))i^" = C, n even. 

H'''^{SHO'{n, n)-;SHO'{n, n))g'" =0, n odd. 

We will now consider HO{n,n). Here the even part of qq is gin- First 
we will assume that ra 7^ 2, 4. As an sZ„-module HO{n,n) decomposes as 
fohows {^ = j:^=iXi^i): 

0-1 : {i?(7ri),xi},{i?(7r„_i),^„} 
flo : {i?(27ri),x?},{i?(7ri+7r„_i),xien},{i?(0),$}, 

{it!(7rn-2),^n?n-l} 

fli : {i?(3^i),x?},{i2(27ri +^„_i),a;?^„},{ii(7ri),xi$}, 

{ii(7ri + TTn-2),Xi^n&i^l},{R{'^n-l),Cn^}, 

fl2 : {ii(4^i),.x^},{i2(37ri+^„_i),x?U,{i?(2^i),,x2$}, 
{ii(27ri +7r„_2),a;i^„^„_i},{i2(7ri + 7r„_i), xi^n^}, 

{i?(7ri +7r„_3),Xi^„^n_i^„_2},{-R(7r„_2),Cn-lCn-2*}, 
{-R(7rn-4), Cn^n-lCn-2^n-3} 

Sn-2 : {ii:(n7ri), x^}, {R{{n - l)7ri + 7r„_i), x^l'^^n}, 
{i?((n- 2)7ri),xr'$},---, 
{i?(27ri), • • • 6}, {i?(7r2), • • • 6^}, 

{i?(0),^nen-l---6} 

fln-1 : {R{{n + l)ni),x'i+^},{R{mri + TTn-i),x1^n}, 

{R{{n - l)7ri), xr '^}, • • • , {i?(37ri), .T?e„ • • ■ 6}, 

{i?(7ri + 7r2), Xi^„ • • • ^3$}, {-R(7ri), Xi^^Cn-l • • • 6} 
fl„ : {i?((n + 2)7ri),xr2}, 

{i?((n + l)7ri + x^+^Cn}, {i2(n7ri), x^$}, • • • , 

{i?(47ri),x?en---e2}, 

{i?(27ri + 7r2),xl^n ■ ■ ■ 6^}, {R{27ri),xlCnU-i • • • 6} 



A2(0li) ^ {i?(27r„_i),/2} e {i?(7ri + 7r„_i),/„ei} {i?(7r2), ^1^2} 
{-^(0)) Sr=i /i^i}) where as before fi and 6i are the corresponding dual basis 
to Xi and , respectively. 
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For n = 3, there is a g'Za-invariant vector in A'^{g'^i) q_i, namely 
0* ® Xi, where 9* is the Hodge dual to Oi. However, this vector is 
odd. For n > 3, there are no non-zero ^Z^-invariant vectors in A^(gl^) 
by inspection of the table above. 

For n > 3 there are four hnearly independent sZ„-invariant cochains in 
A^(flli) ® 00- However they are all odd. 

Consider now the sZ„-invariant cochains in ® 02- They are all 

linear combinations of the following vectors: 



Cl = Y^fifj^XiXj^, 

i,3 
n—1 

C2 = ifidi - fi+ldi+l) ® {Xi^i - Xi+l^i+l)^ 

^ i=l 

i<j 

Compute 

dci(xi, xi, xi) = — 3[xi, xf^*] = — 3xf 7^ 0, 

dc2(xi,xi,xi) = 0, 

dc3(xi,xi,xi) = 0, 

tici(a,6,6) = 0, 

^02(6,6,6) = 0, 

dc3(6,6,6) / 0, 

<^C2(Ci,a;i,xi) = [xi,xi^i - X2C2] = 7^ 0. 

Therefore there are no cocycles in the span of ci, C2 and C3. Hence there are 
no ^Z^-invariant Spencer cocycles in A^{g'^i) (g) 02- 

Consider now the sZn-invariant cochains in A^{q'^i) (8)0„_2- They are all 
linear combinations of the following vectors: 

Cl = ^fifj^XiCi, 

i,j 

n 

C2 = (^Mj^* 66 

i=l 
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It is evident that $ acts non-trivially on ci and C2, hence these vectors are not 
^Z^-invariant. Hence there are no ^Z^-invariant non-trivial Spencer cocycles 
in A^(flli)®0n-2- 

FinaUy there is an sZ„-invariant cocycle in A^(0!_^) (g) g^, namely 

C = ^ fifj (8) XiXj^i^2 • • • Cn- 
i,j 

But obviously c is not giZri-invariant. 

Next consider ifO(4, 4). The sZ4-invariant cochains in A^(gl]^) go ^^d 
^"^{Q-i) ® 04 are as in the general case and the same argument applies. 

There are five cochains now in A'^[g'^i) 02) namely 

Cl = ^fifj^XiXj^, 
i,j 

1 ^ 

C2 = -"^{fidi - fi+lOi+l) <^ {Xi^i - Xi+i^i+i)^ 

^ i=l 

i<j 

C4 = YLfifj^XiCj, 
4 
1=1 

(Recall that denotes the Hodge dual as usual.) However, 04 and C5 
are not (j'Z4-invariant, and wc have seen earlier in the general case that there 
is no cocycle in the span of ci, C2 and C3. 

Finally consider HO {2, 2). In this case the sZ2-module structure of 
HO{2,2) is as follows: 

0_i : {i?(l),,xi},{i?(l),6} 

00 : {i?(2),x2},{i?(2),xi6},{«(0),$},{i?(0),^i6} 

01 : {R{3),xl},{R{3),xl(2},{R{^),xi^}, 

{Ril),xiCia} 

02 : {i2(4),xl},{i2(4),xf6},{i?(2),x?$},{i?(2),x?a6} 
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0k : {R{k + 2),x1+^},{Rik + 2),x1+'^2}, 
{R{k),x'i^},{R{k),x'l^iC2} 



^Hq-i) = {^(2),/!} © {R{2)j20i} © {R{0)Jiei + 1262} © {R{<d)M02}. 
Here as usual fi{xj) = 6ij and 9i{^j) = dij, i,j = 1,2. 

In A'^{g*_i) 00 the even sZ2-invariant cochains are in the span of the 
following vectors: 

ci = /1/2 <8) (xi^i - X26) 

- f!®XiC2 + fl^X2^1, 
C2 = iflOl - /2^2) © X1X2 

- /i^2 © a:? + © xi, 

C3 = (/iei + /2e2)©ei6, 

C4 = 6'i6'2 © (xi^i + a;26)- 

However, none of them is ^-invariant, as is easily seen. 

In A^i9*_ i) ^ 02 the even si2-invariant cochains are in the span of the 
following vectors: 

Cl = ^fifj^XiXj^, 
i,j 

C2 = (/l^l -/2^2)©Xia;266- /l^2©X?^l6 + /2^1 ©2^266 • 

Compute 

dci{xi,xi,xi) = — 3[xi, 7^ 0, 

dc2{xi,xi,xi) = 0, 

dC2{Cl,C2,Xl) = -3X1^1^2 7^0. 

Hence there are no even (7/2-iiivariant cocycles in A^(0l^) 92- Thus we 
have proved 

Proposition 4.5. 

i7''^(iJO(n)_i; /fO(n))^'" = 0, Z > 1; n > 2. 

Recall that HO{n, n) is the full prolongation of g<o. Hence by Corollary 
2.3 we obtain 
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Theorem 4.2. HO{n, n) has no non-trivial filtered deformations for n>2. 

Remark 4-1- Let q be either SHO{n,n), SHO {n,n) or HO{n,n) and let a 
be its maximal reductive subalgebra with respect to which we have decom- 
posed g. For n 7^ 3 it is clear from the a-module structure of g that the 
o-module g_i has no trivial a-component in its a-module decomposi- 
tion, and hence it has no trivial £io"Sub quotient in its flo"Composition series. 
Therefore iJ^(0o;0-i) = 0. It follows from Proposition 2.7 that g has no 
filtered deformation L such that Lq is a maximal subalgebra. In the case 
when n = 3, the vector 1 and the trivial s/„-module in flo'S>'fl-i have opposite 
parity, and so Proposition 2. 7 takes care of this case as well. In fact it can 
be shown directly that HO{n, n) has no non-trivial filtered deformations at 
all. However the remaining two cases do possess non-trivial filtered defor- 
mations which turn out to be interesting. Thi s is the reason why we have 
calculated Spencer 2-cocycles of SHO{n,n) and SHO {n,n) in Propositions 
4.3 and 4.4. 

In the next two remarks we will deal with the Lie superalgebras SHO{n, n) 
-FC$, SHO'{n, n) + C$, SHO{n, n) + C$ and SHO\n, n) + C$. 

Remark 4.2. Let g be cither SHO{n,n) + C^> or SHO'{n,n) + C^. Here 
the maximal reductive subalgebra a of qq is of course gin = sin + As in 
Remark 4.1 it follows from Proposition 2.7 that q has no filtered deforma- 
tion L such that Lq is a maximal subalgebra. Actually one can show that 
SHO{n,n) -|-C<I> has a unique non-trivial (non-simple) filtered deformation, 
while SHO' {n,n) + C$ has no non-trivial filtered deformations at all. 

Remark 4.3. Let g be either SHO{n,n) + C^> or SHO'{n,n) + C$. Our 
computations of Spencer 2-cocycles of HO{n, n), SHO{n, n) and SHO'{n, n) 
above also show that q has no non-trivial Spencer 2-cocycles. Namely, the 
computation for HO{n,n) shows that all Spencer 2-cocycles of g of degree 
2 are odd and so cannot give rise to filtered deformations. Also it is easy to 
check that the unique non-trivial Spencer 2-cocycle of SHO'{n,n) of degree 
n cannot be invariant u nder the action of Thus if {//i, //2, • ' '} is a defining 
sequence of a filtered deformation g^, then we may assume that jii vanishes 
for all i when restricted to q_i. In particular it follows that [g_i,g_i]e has 
trivial projection onto C$. Now for n ^ 3 the trivial si„-module does not 
appear in gg g_i and hence [go,g-i]e projects trivially onto C$. When 
n = 3, [Qo,0-i]e pr ejects trivially onto C$ due to parity reason. Of course 
[gi,g_i]g projects trivially onto C$. Therefore [g,g]e projects trivially onto 
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C$ and hence cannot be simple. Again here one can determine all non- 
trivial filtered deformations. It turns out that SHO{n, n) + C^ has a unique 
non-trivial (non-simple) filtered deformation, while SHO'{n, n) has no 
non-trivial filtered deformation at all. 



We shall next consider SKO'{n, n+ 1; /?) and SKO{n,n + l; (3). Here the 
even part of is gin- As an s^n-niodule SKO'{n, n+1; P), (3 1, decomposes 
as follows (as usual we include a highest weight vector and $ = J22=i ^id)'- 

0_2 : {i?(O),l}0_i :{i2(7ri),xi},{i?(7r„_i),U 
flo : {-R(27ri),xi},{i?(7ri -F7rn_i),xi^n}, 

{R{0), T + {i?(7r„_2), CnCn-l} 

fli : {i?(37ri),a;?},{i?(27ri +7r„_i),x?^„}, 

{i?(7ri),Xi(r+^^$)}, 

{i?(7ri 7r„_2),xiC„,^„_i}, 

{i?(^„_i),e„(r + ^^$)}, 
n — 1 

fl2 : {i?(47ri),xf},{i?(37ri +7rn-i),x?^n}, 
{i?(2;ri),x?(r + ^$)}, 

{i?(27ri +7r„_2),Xi^n^n-l}, 

{Rini + 7r„_i), xien(r + ^^^$)}, 

n 

{i2(7ri 7r„_3),Xi^„^n-l'^n-2}, 
{i?(7r„_2), en-lCn-2(T + ^^^^y ^)}, 
{-R(7I"n-4), ^nCn-l^n-2^n-3}5 
• •> 

9n-2 ■ {i?(ra7ri),x?},{i?((n-l)7ri+7r„_i),x^-^^„}, 
{i?((n - 2)7ri), xr^r + ^^^^^*)} " " • , 
{i?(27ri),xiC„---6}, 
{^(vr2),en---6(r + ^:^ 2 

W),enen-l---6} 

0n-i : {^((^ + l)7ri), x^+^j, {i?(n7ri + 7r„_i), x^tn}, 
{i?((n - l)7ri), xri(r + . . . , 
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{i?(37ri),X?en---e2}, 

{RiTTi + 7r2), Xi^n " " " 6(r + ^''~^^^ <^)}, 

{R{7ri),Un-i ■ ■ ■ Ur + ^"~" + ^ $)} 
0„ : {i?((n + 2)7ri),x?+2},{i?((n + l)7ri + 7r„_i),x?+iU, 
{i?(n7ri),xlXT + ^^$)},---, 

{i?(47ri), • • • 6}, {i?(27ri + tts), xj^n ■ ■ ■ 6(r + ^^$)}, 

{i?(27ri),xie„e«-i ■ • -^Ir + ^^$)} 
fln+i : {i?((n + 3)7ri),x^+='},{i?((n + 2)7ri+7r„_i),x^+2U, 

{R{{n + l)7ri), x^^lr + ^"^~"~^ ^)}, • • • , {Ri5n,),x% ■ ■ ■ 6}, 

3 A , /^'^ — n — 1 _ 



{i?(37ri + vrs), • • • 6(r + $)}, 



In the case when /? = 1 an extra component {i?(0), r^„^„_i • • • ^i} is in- 
cluded in Qn- The structure of SKO{n, n + 1; /?) is then easily derived from 
(3.2). A2(s*_) ^ {i?(27r„_i), /2} © + 7rn_i), © {i?(^2), ^1^2} e 

{i?(7r„_i), !*/„} © 1*^1} © {R{0), 1*1*} © {i?(0), EILi where 

/i , 9i and 1* are the corresponding dual basis to Xj, and 1, respectively. 
Below we will find ^Zn-invariant 2-cocycles. Just as for HO{n,n) the cases 
n = 2,4: again need to be considered separately, however, the analysis is c 
ompletely analogous and we will omit these cases. For our calculations below 
we shall need the following lemma, whose proof is straightforward. 

Lemma 4.1. Let f be a monomial in C[xi, • • • , x„, Ci, • • • , Cn] fet A G C. 

Let o{f) and e(/) denote the number of 's and Xj 's in f, respectively. Then 

(i) [r + (r + A$)/] = ((1 - (3)o{f) + (1 + /3)e(/))(r + A<I>)/. 

(ii) [(r + /] = (-2 + (1 - P)o{f) + (1 + /3)e(/))/. 

For ra = 3 there is an sZn-invariant 2-cochain of degree 1. However, as in 
the case of iIO(3, 3), this vector is odd. 

The sZ„-invariant Spencer 2-cochains of degree 2 are all odd, and so are 
excluded. 
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There are six linearly independent s/„-invariant Spencer 2-cocliains of 
degree 4. They are as follows: 

Cl = fifj <8) XiXj{T + ^ ^^ ^), 

1 " Pn-2 
C2 = t; '^{Mi - fi+idi+i) ^ {xi£,i - Xi+i^j+i)(T -\ 

Bn — 2 

n /9 _ 1 

C4 = ^l*/^®a;,(r + ^^^$), 

n + 1 

^ n-1 
C6 = 1*1*«)(t + /3#). 

However, by Lemma 4.1 all these vectors have (r + /3$)-eigenvalue 4, and 
hence are not ^Z^-invariant. 

We have three linearly independent sZ„-invariant vectors of degree n, 
namely 



n 

i=l 
n 

i=l 

where as usual ^* is the Hodge dual of By Lemma 4.1 r + /3<5 acts on 
these vectors as the scalar (1 — /3)n and hence they are (7Z„-invariant if and 
only if /3 = 1. However there are two 1-cochains of degree n , namely 

i=i 

b2 = I*«)<ei6---Cn, 

which are 5f/„-invariant if and only if /? = 1. It is easy to check that dbi 
and db2 are linearly independent and lie in the span of ci, C2 and C3. But 
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dc2{^i,xi,xi) = —2^* / and thus there are no non-trivial cocycles in the 
span of ci, C2 and C3. 

Of degree n + 2 there arc three s^n-invariant cochains, namely 
i=l 

C3 = 1*1* 6^2- ■■Cn- 

Note that they are even cochains if and only if n is odd. By Lemma 4.1 they 
are r + /3$-invariant if and only if /? = Compute (/? = 

dci{^l,Xi,Xi) = T^* + 3X1^1^2 ■ ■ ■ Cn, 
dC3(Cl,Xi,Xi) = 0, 

t^ci(^i,xi, 1) = 0, 

dC3(^l,Xl,l) = Cl6---Cn- 

Hence the space of cocycles in the span of ci, C2 and C3 is at most one. We 
will construct a cocycle of degree n + 2 in the next section. 

For /? = 1 there exists an sZ„-invariant cochain of degree n + 4, namely 

c = l*l*®r66---en. 

By Lemma 4.1 its (r + /3$)-eigenvalue is 4, hence it is not g'/^-invariant. 

We summarize our calculations above. 

Proposition 4.6 For n >2 

H^'^{SKO{n,n + 1; p)-; SKO{n,n + 1; =0, V/ and /3 7^ 

H^'^(SKO(n, n + 1; ^^-^)-; 5if 0(n, n + 1; ^^^))^'" = 0, Z 7^ n + 2, 
n n ^ 

H''+^'\SKO(n, n + l; '^^)-;SKO{n, n + 1; ^^))^'" = C, n odd, 

H^'+^'^iSKOin, n + l; ^^^)_; 5if 0(n, n+l; ^^^))^'" = 0, n even. 

n n " 

Theorem 4.3. The Lie supcralgebras SKO(n, n + 1; /3) and SKO'{n, n + 
1; for /? 7^ or n even, iiave no non-trivial filtered deformations. 

Proof. We shall always assume that /3 / H±2 . Wc know that SKO'{n, n + 
l;/3) is a full prolongation, and hence by Proposition 4.6 and Corollary 
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2.3, it has no non-trivial filtered deformations. Since SKO{n,n + 1;/?) = 
SKO'{n, n+ 1;(3) for /3 7^ 1, we are left to consider two cases. 

Now SKO{n,n + 1; ^^)(i) contains no trivial s/„-module. Tlius it is an 
almost full prolongation by (3.2) and hence Proposition 4.6 and Corollary 
2.3 take care of this case as well. 

Now consider g = SKO{n,n + 1; 1). In this case it is not an almost full 
prolongation. We need to go back to the proof of Proposition 2.6, from which 
and (3.2) it follows that if L is a filtered deformation of g, then L can be 
given a defining seque nee {111,112, • • •} with the properties that Milg.xg = 
for i < n, jW„(0_,a) = for a G fio tyi^ig the trivial sZ„-component 
and iJ,n{x,T + $) = A[r^i^2 • • -^nix], for all x E g_ and for some A G C. 
Furthermore by Proposition 4.6 we may also assume that /i„ vanishes when 
restricted to q_. Of course this only makes sense if n is even. Hence we 
may assume that n is an even integer from now on. For a fixed i we let 
b = ^i(r + $) G 01, lying in the irreducible sZ„-module i?(7r„_i). We then 
have for x E g_: 

[b,x], = [b,x]+ i^n{b,x)e"' + ■■■ . 

Taking x G q_i we have /U„(6, x) C 0„. But the irreducible sZ„-modulcs i?(0), 
i?(7ri + TTn-i) and i?(7r„_2) do not appear in g^. Hence //«(&) 0-i) = by 
Proposition 2.4. Using this fact we compute the Jaco bi identity of the triple 
Xi,ij,ii{T + $) for i ^ j and derive that A[t^i^2 ■ • ■ ^n, Xj] = 0. Thus A = 0. 
Therefore /in|g_xg(, = 0. Now g^^^ only has one more trivial sZ„-component, 
namel y ^1^2 • • • Cn- However it has parity different from that of t^i^2 • • • Cn- 
Thus we conclude that //„|g_x0 = 0. Now g is a full prolongation of degree 
n+ 1, which combined with Proposition 4.6, allows us to a pply Proposition 
2.6 to conclude that L is a trivial filtered deformation. □ 

We shall now consider the Lie superalgebra q = H{2n,m). Here (00)0 is 
isomorphic to a = sp2n © sOm- With respect to 0, g decomposes as follows 
(tTj and Tfj are the respective fundamental weights of sp2n and sOm-)' 



0_i : R{'Ki),R{tti) 

flo : i?(27ri), E(7ri) ® R{ni), R{ti2) 

Sfc : R{{k + 2)7ri), R{{k + l)7ri) i?(7fi), • • • , R{TXk+2) 

Qm-2 ■ R{rmri), R{{m - l)7ri) ® i?(7ri), • • • , Rim) ii:(7r^_i), i2(0) 
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fl, : R{{s + 2)7ri), R{{s + l)7ri) ® R{iTi), • • • , 

R{{s - m + 3)7ri) ® i?(7f^_i), - m + 2)7ri) 



Continuing using the notation adapted in Section 3, we let dpi, dqi for 
z = 1, • • • , n and d^j for j = 1, ■ ■ ■ ,m denote the dual basis to pi, qi and ^j, 
respectively. Then as sp2n © .som-modulcs we have 

= R{t^2) © RiO) © i2(7ri) «) i?(7ri) © ii:(27ri) © R{0), (4.1) 

where the two trivial components are spanned by the vectors X^ILi dpidqi and 
J2iLi d^f, respectively. We need to make some further clarifications of (4.1): 
R{t^2) = if n = 1. Also i?(27ri) is understood a s follows: It is irreducible 
of highest weight 2fi only when m > 5. For m = 4 it is isomorphic to 
R{2) (g) ^(2), where S04 = sh © sh- For m = 3 it is i?(4), where wc identify 
S03 with ,s/2- For m = 2 it is isomorphic to C+ © C_, where ,^1^2 acts on 
the one-dimensional spaces C+ and C_ as the scalars 2^/^^ and —2^/—l, 
respectively. For m = 1, it is empty. 

Note that all the modules are self-contragredient. Furthermore R{'K2) 
doesn't appear in q^. for any A;. Also R{TTk) are all non-isomorphic except for 

Ri^m-i) — R{T^i)- Finally the component R{2 pii) in (4.1) is not isomorphic 
to R{nk) in g^, for any k. From this it follows that the only sp2n © som- 
invariant cochains are: 

In A'^isU) «> So: 

Co = X] (^Pid^j ® Pi^j + dqid^j <8) qi^j. 

i,j 

In A'^{QU)®0m-2- 

n 

Cl = (Xl (^PidQi) ® 6 • • • ^m, 
i=l 
m 

C2 = iJ2d^f)^^i---U, 

i=l 
n 

C3 = dpid^j <8) Pi^* + dqid^j (g) qi(*, 

i=l 

where as usual stands for the Hodge dual of ^j. 

Suppose that m ^ 2. Now cico(pi, ^1, ^1) = 2p\ 7^ 0. Hence cq is not a 
cocycle. On the other hand 

dci(ei,6,Ci) = 0, 
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c?c3(6,a,6) = 0, 

Prom this it follows that the space of cocycles in A^{g'^i) (g) £|^_2 is at 
most 1-dimensional. Let 

n 

1=1 

It is an sp2n © som-invariant 1-cochain such that db G A^(gl^) ® Qrn-2 

db 7^ 0. Hence any sp2n © so^-invariant cocycle in A^(0lj^) (g) Qm-2 must be 

a coboundary. 

Now if m = 2, then all four cochains appear in A'^{g'^i) (gi ^q. We have 

c?co(6,6,6) = 0. 

Hence every cocycle must be a linear combination of cq, ci and C3. However, 

dco{pi,Ci,Ci) / 0, 
dci(pi,6,6) = 0, 
dc3{pi,Ci,Ci) = 0. 

Thus any cocycle must be a linear combination of ci and C3. But we have 
seen from the general case that it must be a coboundary. 

Proposition 4.7. For n> 1 and m > 

H^'\H{2n,m)-i;H{2n,m))lP^'^®"'"^ = 0, V/. 

By Corollary 2.3, since H(2n, m) is a full prolongation, we arrive at 

Theorem 4.4. H(2n, m) has no non-trivial filtered deformations for n > 1 
and m> 0. 
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5. Existence and uniqueness of filtered deformations of 

SHO'{n,n), SHO{n,n) and SKO{n,n + 1;^). 

In this section we will construct non-trivial filtered deformations of the 
Lie superalgebras SHO{n,n), SHO' {n,n) and SHO {n,n), for n even, and 
for SKO{n,n + 1; for n odd. Prom Propositions 4.2, 4.3, 4.4 and 4.6 

and Corollary 2.5 it follows that such filtered deformations are necessarily 
unique. 

Let Q be either SHO{n,n) or SHO As usual wc identify g with 

a subalgcbra in A(n,n) with the odd Poisson bracket. Recall that A(n) 
is naturally Z-graded so that wc may write A(n) = (B^^QA{n)j. We let 
= gf] {C[xi,X2, ■■■ ,Xn\ (8) A(n)j). 

Lemma 5.1. Let f € g-' withj > 1, where q is either SHO {n,n), SHO' {n,n) 
or SHO'in, n). Then [^1^2 ■ ■ ■ (n, f] = 0. 

Proof. Note that we have [g\ g^] C 0^+^"^ Hence • • • Cn, 3^] C 
In particular if j > 1, [66 • • • ^n,0^] C 0". But = C^i^ • • • or g" = 
0. On the other hand we know that ■ ■ ■ doesn't lie in the derived 

algebra. Thus [^^ • • • ^n, /] = 0. □ 

We define a super-skewsymmetric bilinear map /x„ : g A g — ^ g of degree 
n as follows: 

l^n{f,9) = [Ci6---Cn,/5] if/,5e0°, 
fin{f,9) = otherwise. 

In = SHO{n, n) or q = SHO (n, n) we define a new bracket [•,•]£ using 
this Hn, i.e. we set 

[/,5]6 = [/,5]+Mn(/,5)e" (5.1) 

Proposition 5.1. The deformed bracket (5.1) defines a unique non-trivial 
filtered deformation of SHO{n,n) and SHO {n,n). 

Proof. It suffices to check the [■, -Jg is a Lie bracket. Since [•, ■]e is obviously 
super-skewsymmetric, we only need to verify that the Jacobi identity is 
satisfied. 

Let = SHO{n,n) or g = SHO'{n,n). Recall that [•,•] is a Poisson 
bracket, which means that we have 

[hjg] = [hJ]g + {-ir^''^W^+'^f[h,9]. (5.2) 
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Here and below we mean by p{f) the parity of / as an element of the Lie 
superalgebra. So for example p{xi) = 1 and p{^i) = 0. We remind the reader 
again that the Lie superalgebra HO{n,n) is isomorphic to the odd Poisson 
superalgebra A(n, n) with reversed parity, which accounts for the additional 
+1 in (5.2). We need to check 

[h,[f,gll = [[hJl,gl+p{hJ)[f,[h,gU,. (5.3) 

By Lemma 5.1 ^inio-T i^n{b-,c)) = 0, for a,b,cE g. Thus the left-hand side of 
(5.3) is 

[h, [f,9]] + Mh, [f,g]) + [h,iin{f,9W, 
while the right hand side of (5.3) is 

[[h,f],g] + p{hj)[f,[h,9]] 

+ {l^ni[h,f],g) + [i^n{h,f),g] 

+ p{hJ)lin{fAKg\) +p{h,f)[f,fin{h,g)])e^. 

Thus (5.3) is equivalent to 

mun{h, [f,g]) + [h,Hn{f,g)] = (5.4) 

l^n{[h,f],g) + [nn{h,f),g] +p{h,f)nn{f, [h,g]) + p{h, f)[f, fin{h,g)]. 

So we need to verify (5.4) for f,g,h € g. It is easy to sec that if one of 
the f , g or h lies in , for j > 2, then the left-hand side and the right-hand 
side of (5.4) are zero. Thus we may assume that f,g,h G , j = 0, 1. Now 
it is as easy to see that if any two of the f,g, h lie in g^, then (5.4) gives 
again = 0. Hence we may assume that either f,g,h € g^ or exactly one 
of them lies in g^ and while the other two lie in g^. We will consider those 
cases separately. 

Case 1. f,g,h G g^. In this case, noting that p{f) = p{g) = p{h) = 1 and 
[0°,0°] =0 (5.4) reduces to 

[h, Ki • • • ^n, fg]] = [[6 • • • Cn, hf],g] - [/, [6 • • • Cn, kg]]. (5.5) 
Now the left-hand side of (5.5) equals 

[h, [ii---CnJ]g] + [h,mi---^n,g]] = 
[h, [^i---UJ]]g + f[h,[Ci---Cn,g]]. 

The right-hand side of (5.5) is 

[[6 ■■■^n,h]f,g] + mi ■■■Cn,f],g]-[fA^i---^n, h]g] 

-[/, h[^i • • • g]] = [Hi ■ ■ ■ Cn, h],g]f + h[[^i • • • Cn, f], g] 
-[f,[^l---^n,h]]g-h[f,[^l---^n,g]]. 
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Thus we are to show 

[h, [6 • • • f]]9 + f[h, [6 • • • ^n, g]] = [[6 • • • 6., h],g]f + /i[[6 • • • Cn, /], ff] 

- [f,[^i---^n,h]]g-h[f,[^,---Cn,g]]. 

(5.6) 

But (5.6) is equivalent to saying that 

-[6 • • • Cn, [/, - [6 ■ ■ ■ ^n, [/i, 5]]/ = ■ ■ ■ Cn, [/, 5]]- (5-7) 

But (5.7) is obviously true, since [9*^,0'^] = 0. 

Case 2. One of the f,g,h is in g^, while the other two are in q^. We will 
assume that h & q^. Other cases are analogous. In this case (5.4) reduces to 

[h, [6 • • • Cn, fg]] = [6 • • • Cn, [h, m + [6 • • • ^n, f[K g]]- (5.8) 

(5.8) is equivalent to 

[h, [6 • • • f]g] + [h, m--- U, g]] = [6 • • • Cn, [h, f]]g + [h, f] [6 • • • U g] 

+ [Ci---Cn,f][h,g] 

+ m---^n,[h,g]], 

which in term is equivalent to 

[h, [6 ■ ■ ■ Cn, f]]g + [6 • • • ^n, /] [h, g] + [h, f] [6 ■ • • ^n, 5] + f[h, [6 • • • Cn, g]] 
= [a • • • Cn, [h, f]]g + [h, f] [6 • • • Cn, 5] + [6 • • • ^n, /] [h, g] + fi^i ■ ■ ■ ^n, [h, g]]. 

But this is equivalent to saying that 

mi--<n,h],g] + [[^,---U,h],f]g = 0, 
which is certainly true, since [^1 • • • ^n, h] = hj Lemma 5.1. □ 

Denote these filtered deformations of SHO{n, n) and SHO (n, n) by 
SHO{n,n)e and SHO {n,n)e-, respectively. SHO{n,n)e is a simple Lie su- 
peralgebra. Now in SHO (n, n)e 1 is no longer central. But it is easy to see 
that 1 — ^1 • • • ^„ is central. Dividing by the ideal C(l — ^1 ■ ■ • ^n) we obtain a 
filtered deformation of SHO'{n,n), which we denote by SHO'{n,n)e- The 
Lie bracket in SHO'{n,n)e is given by: 



[f,g]e = [^i---^n,fg], f,g&0^, 

[f,g]€ = [f,g], otherwise. 



(5.9) 
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Define a map p : SHO{n,n)e SHO'{n,n)e by 
p{f) = f, /G0(_i), 

It is easy to see that p is an isomorphism of Lie superalgebras. We summarize 
our discussion above in the following theorem. 

Theorem 5.1. Let n>2 be a positive even integer. 

(i) SHO'{n, n)e with bracket given as in (5.9) defines a unique non-trivial 
filtered deformation of SHO'{n,n). It is a simple filtered Lie superalgebra. 

(ii) SHO{n,n)f: with bracket (5.1) defines a unique non-trivial filtered 
deformation of SHO{n,n). It is isomorphic to SHO'{n,n)e- 

(iii) SHO' {n,n) has no simple filtered deformations. 

We define a deformed bracket on SKO{n,n + l; ^^) as follows (cf. [Ko]): 

[f,9]e = ([r66---6,/ff] + 2Mi6---6)e"+',/,5ec[xi,---,x„], 

if, ah = if ^9], otherwise. (5.10) 
Note that K16 • • • 6, fg] + 2/566 • • • 6 e SKO{n, n + 1; ^). 

Theorem 5.2 The deformed bracket in (5.10) defines a unique non-trivial 
filtered deformation ofSKO{n,n + 1; 

Proof. It remains to show that is a Lie bracket. Set 

IJ'n+2{f,9) = [t66 • • • 6, /5] + 2/566 • • • 6, f,9^'C[xi,---,Xn], 

Pn+2if,9) = 0, Otherwise. 

Note that /Lt„_)_2(a, iJ,n+2{b, c)) = 0, for a,b,c G SKO{n, n+1; ^^)- Thus [•, -jg 
is a Lie bracket if and only if pn+2 is a 2-cocycle of SKO{n, n + l; ^^) with 
coefficients in its adjoint rcprcscnta tion. Hence for f,g,h G SKO{n,n + 
1; ^^^) wc only need to check identity (5.4). It is easy to verify that unless 
/, g and h belong to the (7/„-components generated by the highest weight 
vectors x'l, x'f^n and x'1{t + ^^$) (see the table of SKO{n,n + 1;/?) in 
Section 4) (5.4) gives the trivial identity = 0. Also it can be verified 
directly that if two of the f,g,h arc not in C[xi, ■ ■ ■ then (5.4) again 
gives the trivial iden tity. Hence we are to consider three cases. Namely 

(1) f,9,h eC[xi,--- ,Xn]. 
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(2) f,g& C[xi, • • • , Xn] and h is in the ^/n-component generated Xi^n- 

(3) f,gG C[xi, ■ ■ ■ , Xn] and h is in the 5(/„-component generated by 

Even though we don't have the Poisson bracket at our disposal, we have 
the following useful identity: 

Mn+2(/, g) = [rCl6 ■ ■ • ^n, f]9 + • • • Cn, 9], 1,9 & C[xi, • • • , X„]. 

Note also that [t^i^2 ■ ■ ■ ^n, /]=0, if / lies in the ^/^-component generated by 
x'l^n and [t^i^2 • • • , Cn, ff] + 2i?66 • • • = 0, if 5 lies in the c//n-component 
generated by Xj^(r + ^J^^^ ^)- Using these identities the computation is sim- 
ilar to the one given in the proof of Proposition 5.1. □ 
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